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Abstract. We introduce a wide subclass T{X, u) of quasi-plurisubharmonic func- 
tions in a compact Kahler manifold, on which the complex Monge- Ampere operator 
is well-defined and the convergence theorem is valid. We also prove that J-(X, ui) 
is a convex cone and includes all quasi-plurisubharmonic functions which are in the 
Cegrell class. 



1. Introduction 

Let A be a compact connected Kahler manifold of dimension n, equipped with the 
fundamental form u given in local coordinates by u = | J2 a p9ap^ za A dz@, where (g a p) 
is a positive definite Hermitian matrix and du = 0. The smooth volume form associated 
to this Kahler metric is the nth wedge product u n . Denote by PSH(X : uj) the set of 
upper semi-continuous functions u : A — > 1U {- 00} such that u is integrable in A with 
respect to the volume form u n and u u := u + dd c u > on A, where d = d + 8 and 
d c = % (8 — d). These functions are called quasi-plurisubharmonic functions (quasi-psh 
for short) and play an important role in the study of positive closed currents in A, see 
Demailly's paper [Dl]. A quasi-psh function is locally the difference of a plurisubhar- 
monic function and a smooth function. Therefore, many properties of plurisubharmonic 
functions hold also for quasi-psh functions. Following Bedford and Taylor [BT2], the com- 
plex Monge- Ampere operator (u + dd c ) n is locally and hence globally well defined for all 
bounded quasi-psh functions in A. Some important results of the complex Monge- Ampere 
operator for bounded quasi-psh functions have been obtained by Kolodziej [KOl-2] and 
Blocki [BL1]. It is also known that the complex Monge- Ampere operator does not work 
well for all unbounded quasi-psh functions. Otherwise, we shall lose some of the essential 
properties that the complex Monge-Ampere operator should have, see Kiselman's paper 
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[KI] or Bedford's survey [B]. In a bounded domain of C n one usually needs certain as- 
sumptions on values of functions near the boundary of the domain to define complex 
Monge-Ampere measures of unbounded plurisubahrmonic functions, see the Cegrell class 
[Cl-2] where Cegrell introduced the largest subclass £(Q) of plurisuhharmonic functions 
in a bounded hyperconvex domain Q for which the complex Monge-Ampere operator is 
well-defined and the monotone convergence theorem is valid. However, such a technique 
does not seem to work for quasi-psh functions in a compact Kahler manifold because we 
lose boundary. On the other hand, it was already observed by Bedford and Taylor [BT1] 
that for each quasi-psh function u the complex Monge-Ampere measure cu™ := {uj + dd c u) n 
is well defined on its non-polar subset {u > — oo}. The complex Monge-Ampere measures 
uj™ concentrating on {u > — 00} were studied by Guedj and Zeriahi [GZ]. In [X3] we ob- 
tained several convergence theorems for complex Monge-Ampere measures without mass 
on pluripolar sets. In this paper we introduce a quite large subclass F{X, uj) of quasi-psh 
functions on which images of the complex Monge-Ampere operator are well-defined positive 
measures and may have positive masses on pluripolar sets. We prove that the set F{X, uj) 
is a convex cone and includes all quasi-psh functions which are in the Cegrell class. Our 
main result is the following convergence theorem of the complex Monge-Ampere operator 
in J-{X, uj). 

Theorem 5. (Convergence Theorem) Let < p < 00. Suppose that u G F{X, uj) and that 
g G PSH(X, uj) fl L°°(X) is nonpositive. Ifuj, u G J-[X, uj) are such that Uj — > u in Cap^ 
on X and Uj > uq, then (—g) p uj™. — > (—g) p uj™ weakly in X . 

As a direct consequence we have 

Corollary 5. Let < p < 00 and > g G PSH(X,uj) n L°°(X). Ifuj, u G F{X,u) are 
such that Uj \ u or uj S u in X , then (—g) p uj™. — > (— g) p uj™ weakly in X . 

For bounded quasi-psh functions, Corollary 5 is a slightly stronger version of the 
well-known monotone convergence theorem due to Bedford and Taylor [BT2] . 

Acknowledgments I would like to thank Urban Cegrell for inspiring discussions on the 
subject. 



2. The class F(X,u) 

In this section we first introduce the subclass T{X, uj) of quasi-psh functions, on 
which images of the complex Monge-Ampere operator are finite positive measures in X . 
We obtain some characterizations of functions in T{X, uj). Finally, we prove that T{X, uj) 
is a star-shaped and convex set. 

Recall that the Monge-Ampere capacity Cap^ associated to the Kahler form uj is 
defined by 

Cap^E) = sup{ / uj™', u G PSH(X,uj) and - 1 < u < 0}, 

J E 
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for any Borel set E in X. The capacity Cap w is introduced by Kolodziej [KOI] and 
is comparable to the relative Monge- Ampere capacity of Bedford and Taylor [BT2], and 
hence vanishes exactly on pluripolar sets of X. Recall also that a sequence \ij of positive 
Borel measures is said to be uniformly absolutely continuous with respect to Cap^ on 
X, or we write that fij <C Cap^ on X uniformly for all j, if for any e > there exists 
5 > such that fij(E) < e for all j and Borel sets E C X with Cap L0 (E) < 5. Denote by 
PSH~ 1 (X, uj) the subset of functions it in PSH(X, uj) with max w, < —1. Given a function 

u E PSH~ 1 (X, uj), we define the measure (—it) Aw in J which is zero in {u = — oo} 
and 

j {-u) c^r 1 Aw= .lim j (- max(tt, -j)) uj^^ A u> 

E En{u>-j} 

for all k > 1 and .EC {«.>—&;}. In a completely similar way, we define the measure 



UJ 



™ _1 Aw := X{ u >-oo} A w, where X{ u >-oo} is the characteristic function of the set 
{u > — oo}. It is worth to point out that in general neither the measure (—it) w™ -1 ^ w nor 
w™ _1 A a; is locally finite in X. However, we have the following result. 

Proposition 1. Let u G PSH~ 1 (X,uj). Suppose that 

- max(tt, -j) A u ^ C a Pw on uniformly for all j = 1,2, 

Then the following statements hold. 

(1) (—it) w™ -1 A w and w™ _1 A w are finite positive measures in X; 

(2) max(«, -j) uj^I {u _ 3) -> ww™" 1 and -> as currents as j -> oo; 

(3) (-u) w™" 1 Aw« Cap^ on X. 

Proo/. Since / x (-u) < _1 A w = lim*^ lim^oo f u> _ k (- max(w, -j)) -j) Aw < 

sup j x (-max(«, -j)) 

W max(«,- j) Ati; ^ 00 ' we obtain that (—it) uj™ 1 Aw is a finite positive 

i 

measure and so is w" --1 Aw. Write max(«, — j) uj™ -1 , ■■, = Yu,<-i\ maxfu, — j) uj n ~ 1 t .>. 

u v ' J / max(«,- jj /v-^u^ jj- v ' j/ max(u,-j) 

+X{u>-i} max(«, -j) 

W max(u,-j)' where the first term on the right hand side tends to zero 
and the second one tends to ww™ -1 as j — > oo. Similarly, we get that _^ — > <^™ _1 as 

j — > oo. Moreover, for any E G X with Cap L0 {E) ^Owe can take an open set G in X such 
that E C G and Cap u (G) < 2Cap ul (E). Then w™" 1 A w < / G ((-u) < _1 A w < 

lim sup J G (— max(-u, —j)) _^ A w, which implies that (—it) w™ -1 Aw< Cap w on X 

and the proof of Proposition 1 is complete. 

Let T{X, uj) be the subset of functions in PSH~ 1 (X, uj) which satisfy the hypotheses 
of Proposition 1. The complex Monge- Ampere measure w™ of a function it in F(X,u) is 
defined by the sum 

ujI -^A^ + ^C 1 ), 
where the currents and w™ _1 are the limits of two sequences max(u, — j) w™~^ u _^ 

and -i) respectively. Locally using the inequality (w + dd c (4> + u)) n > nuj™~ x A 



lo, where u> = dd c (j), we can easily see that (— w™ _1 Aw < Cap u in A for any u G 
PSH~ 1 (X,u) nL°°(A), where L°°(A) denotes the set of bounded functions in X. Hence 
for bounded quasi-psh functions, our definition of the complex Monge-Ampere operator 
coincides with Bedford's and Taylor's definition given in [BT2]. Denote by ^(X,^) the 
set of integrable functions in X with respect to the positive measure /j,. Now we give a 
characterization of functions in J-{X, u>). 

Theorem 1. Let u G PSH~ 1 {X,ui). Then u G F(X, ui) if and only if 

u G L\X, w^Aw), 

where uj™ -1 := lim,--*™ u) n ~ x , as currents andui n ~ l , Aw <C Cav^ on X uniformly 

u J^oa max(u,-j) max(u,-j) ru J a 

for j = 1,2,.... 

Proof. We prove first the " only if " part. Assume that u G F{X,u). By Proposition 1 
we have that A 00 ^ (~ max ( w 5 -j)) w max(«,-j) A 00 ^ Cap w on X uniformly for 

all j, and oo^^ u _^ — >■ w™ -1 . Hence, by the lower semi-continuity of — u, we get that 
J x (-max(u, -£)) < limsup^^ / x (-max(u, -j)) w^^.^Aw < oo for all t > 

1. Thus, we have u G L 1 (X, w™ -1 Aw). Now we prove the " if " part. Observe that for any 
k > 1, by Proposition 4.2 in [BT1] we get X{u>-k} < _1 Aw = lim^^ X{u>-k}U^L u _ j) A 



UJ = lim J -^ (X) X{max(u-fe)>-fc}^ax( U - J -) Aa; = lim j-oo Xjmax^ ,-fc)>-fc} ^ax( U -j ,-Jfc) Acj = 

X{ u >-fc} ^max(u -fc) Acu - Hence, for any Borel set i? C A" and > 1, we have that J E ui™~ 1 A 
a; < f ^ , . , w™ -1 Aw + \'^ t ^ , , a;" --1 , , A w < limsup^^ I' , . , uj 11-1 , .s A 

— Ju< — fc+1 u J£/n{ii> — k} max(u,-*;) — Jr'j— >oo J M <-fe+l max(ii,- j) 

w + /gW™'^ A w, where we have used that the set {u < —k + 1} is open. Since 
^maxfii - j) A w ^ Capcj on A uniformly for j, we have w™ _1 Aw <C Cap u on A. It then 
follows from u G L 1 (X, w™ _1 A w) that (— u) u)™~ 1 Aw< Cap^ on A. For any j > k\ > 1 
we get 

/ (-max(M,-j))w n "\ . 1 Aw<j / w n ~\ ,Aw+ / (-ujw^Aw 

/ V \ i J ) ) max(ti,-j) — -' / max(ii,-j) / \ / u 

u< — k\ u <~3 —j<u< — ki 









X 




u>-j 


<if^-i j 




_1 A w + 


X u>-j 







u n \ .Aw 

max(u,- j ) 



+ J (-«)w tt n_1 Aw 



j<u< — k\ 

n-1 

u<-k-L {w<-i}U{ii<-fci} 



Hence, for any Borel set E\ C A and j > k\ > 1, we have J*^ (— max(it, — j)) w™ a ^ u _^ A 
w < f r ^ -i, ,r ^ ; i (— w) w!? _1 Aw + L L n , x ; l w n_1 7 A uj := Afc, i + Bh, j. 

— J{u<— j}U{m< — fci} v I u i- JEjn{u>-*i} max(u,-j) "-IjJ 

Given £ > take fc e > 1 and j £ > 1 such that A ke j < e for all j > j £ . Since 
^Cl^ _ ^ A w <^ on A uniformly for all j, there exists 5 > such that (j e + 
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fe e ) w max(u -j) A u; < £ for all j and E 1 C X with Cap UJ (E 1 ) < 5. Therefore, we 
have proved that J (— max(w, — j)) Aw < 2e holds for all j and Ei C X with 

Cap UJ (Ei) < 5. So u E F(X, uj) and the proof of Theorem 1 is complete. 

Suppose that O is a hyperconvex subset in C n . Cegrell [C2] introduced the largest 
subclass £ (f2) of plurisuhharmonic functions in Q, for which the complex Monge-Ampere 
operator is well-defined and the monotone convergence theorem is valid. Our next theorem 
says that T{X, uj) includes all quasi-psh functions which are in the Cegrell class. Recall 
that a negative plurisubharmonic function u in O is said to belong to £(Q) if for each 
zo G O there exist a neighborhood U Zo of zq and a decreasing sequence Uj of bounded 
plurisubharmonic functions in fi, vanishing on the boundary <9fi, such that Uj \ u on £/" Zo 
and sup f cl (dd c Uj) n < oo. Blocki proved in [BL2] that it is a local property to belong to 

3 

£(fi), that is, if O = Ujfij then u G £(f2) if and only if u\ Q G £(Qj) for each j. We call u 

in PSH~ 1 {X,ui) for a Cegrell function in X if there exists a finite covering {S s }^ of X 
with hyperconvex subsets B s such that (j) s + u G S{B S ) for all s, where S is a local Kahler 
potential defined in a neighborhood of the closure of B s , i.e. cj = dd c (j) s on S s = {0 S < 0}. 
Now we prove 

Theorem 2. If u is a Cegrell function in X then u G J-"(X,u). 

Proof. Take a new finite open covering {B^}™ of X such that CC B s for all s. 
By [C2] there exists a decreasing sequence Uj of bounded plurisubharmonic functions in 
B s , vanishing on dB s: such that Uj \ (j) s + u on and sup J B (dd c u S j) n < oo. Since 

Cap^ is comparable to the relative Monge-Ampere capacity of Bedford and Taylor, see 
[K02][BT2], by Lemma 6 in [X2] we get that - max(«, -j) w^ (u _ d) A uj < (-<f> 8 - 

max(«, — j)) -j) A Capu uniformly for all j on each B' s and hence on X. 

Therefore, u G F(X, uj) and the proof is complete. 

Recall that a sequence Uj of functions in X is said to be convergent to a function u 
in Capu on X if for any 5 > we have 

lim Cap^({z G X; \ uAz) - u(z)\ > 5}) = 0. 

For a uniformly bounded sequence in PSH(X,ui), the convergence in capacity implies 
weak convergence of the complex Monge-Ampere measures [XI]. Now we prove that the 
set J-{X, uj) is a convex cone. First, we need a lemma. 

Lemma 1. Let u, v G !F{X,uj). Then 

J (v-u)^' 1 Au < J (v-u)^' 1 Au. 

u<v u<v 
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If furthermore u and v are bounded, then for all integers < / < n — 1 we have 



Proof. We only prove the first inequality since the proof of the second one is similar. 
Assume first that u and v are bounded in X. By [Dl] there exist a constant A > 1 and two 
sequences Uj, Vk € PSH(X, Auj)nC°°(X) such that Uj \ u and Vk \ v in X . Given s > 0. 
Assume first that {uj < Vk} ^ X. Then max(^/ c , Uj +e) = Uj +e near the boundary of the 
set {uj < Vk}- Take a smooth subset E e such that {uj + e < Vk} CC E £ CC {uj < Vf-}, 

n-2 

and write T = uj 1 u A uj™~ 2 ~ 1 A uj. Using Stokes theorem we get 

1=0 

J + e) - u, - e) ((A, + - (A, + AT -a**, „, + e))) A T 

Uj<V h 



= /4maxK,«, + e ) - % ) A <f (ma*K, % + «) - «,) A T > 0, 

which holds even when {uj < Vk} = X. Hence we obtain f u <v (max.(vk,Uj+s) — Uj) (Au+ 
dd c Uj)AT> f Uj<Vk (mdLK(vk,Uj + e)-Uj -e) (Auj + dd c max(^, Uj+e))AT > J Uj<Vk (vk- 

Uj ) ( Auj + dd c max(^fc , Uj + e) ) A T — e A f x uj n . It turns out from the monotone convergence 
theorem in [BT2] that (i>fc — Uj) ( Auj +dd c max^, Uj+e)) AT — > (vk~Uj) (Au+dd c Vk))AT 
weakly in the open set {uj < Vk} as e \ 0. Letting e \ and applying Lebesgue 
monotone convergence theorem we obtain the inequality f u<Vk ( v k — Uj) (Au + dd c Vk) AT < 
f u . <Vk (vk - Uj) (Auj + dd c uj) A T. Therefore, we have f u . <v (v - Uj) (Auj + dd c Vk) AT < 
f u<Vk (vk — u) (Auj + dd c Uj) A T. On the other hand, we have that Uj, Vk are uniformly 
bounded, Uj — > u in Cap w and Vk — > v in Cap u on X. So for any 5 > the inequality 
v — Uj) (Auj + dd c Vk) AT < J u<v (vk — u) (Auj + dd c Uj) AT + 5 holds for all j, k large 
enough. Then by the quasicontinuity of quasi-psh functions, we can assume without loss 
of generality that {u < v} is open and {u < v} is closed. It turns out from the proof of 
Theorem 1 in [XI] that (v — uj) (Auj + dd c v k ) AT — ► (v-Uj) (Auj + dd c u)AT as k — > oo and 
(v — u) (Auj + dd c Uj) AT — > (v — u) (Au + dd c v) AT as j — > oo weakly in X. Letting k — > oo 
and then j — > oo, we obtain f u<v (v — u) (Auj + dd c v) AT < f u<v (v — u) (Auj + dd c u) AT + 5. 
Applying t v instead of v for A > t > 1 in the last inequality and then letting t \ 1, 8 \ 
we get j u<v (v - u) (Auj + dd c v) AT < j u<v (v - u) (Auj + dd c u) A T, which yields that 
J u<v (v — u) uj™~ 1 Auj < J u<v (v — u) uj™~ 1 A uj for all bounded quasi-psh functions u and v. 
Now, for u, v e F(X,(j), we have / max(tt _ i)<nuBc(t> _ fc) (max(v, -k) - max(«, -j)) 

W m«(«,-fc) AUJ ^ L^-jKmaxlvilH"' ~^ ~ m ^ W m«(«,-i) A U K LeU ™& 

k — > oo, by the definition of uJy~ l Aw we get J max ^ u _^ <v (v — max(«, — j)) uj™ -1 A uj < 
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f , .s. — max(«, — 7')) w n , .>. A w, which by Fatou lemma implies that 

Jmax(«,-j)<u\ V ' •'// max(ti,-j) ' J r 

J (v-u) c^r 1 Aw< liminf J (v - max(tt, -j)) A w 



u<v max(u,-j)<t) 



u n ~\ -,Auj 



< liminf / (max(t>, —j) — max(«, — j)) 

j^oo J 
u<v 

<> imSU p / _„Ao, 

— S<li<U 

+ lim sup / (max(v, -j) - max(w, -j)) w™~\ _ j} A w 

{u<—s}n{u<v} 

= J (v-u)^' 1 Aw + limsup J (max(v, -j)-max(u, -j)) w max( M ,-j) Au 

-s<u<v {u<-s}n{u<v} 

for all s > 1. Since (- max(v, -j)) w^.^Aw < (- max(tt, -j)) CV-j)^ < 

in the set {u < v} uniformly for all j, letting s — > 00 we get the required inequality and 

the proof of Lemma 1 is complete. 

Theorem 3. Let uq G J-"(X,u). If u G PSH~ 1 (X,uj) satisfies u > u$ in X then 
u G w). Moreover, we have that (— -u)w™ _1 Aw < Ca/j^ on X uniformly for all 

u G PSH~ 1 (X, ui) with u > uq in X . 

Proof. Given k > 1 and j > 1. Write -Uj = max(it, — j). Then Uj/3 G w) 
and by Lemma 1 we have f u , < _ k (— iij)w™ _1 A w < 2 f u < _ k (—k/2 — K,j)w™ _1 A u> < 

^Zfu^-k/ii-k/ 2 ~ %>|; A w < 3"/ U0<V3 _, /3 (V3 - " uo)^" 1 Aw < 
3n l„<. J /3- fc /3(%/ 3 " fc / 3 - ^X" 1 A w < 3-/ uo< _ fc/3 (-noX7 1 A w. Thus, by 
(—tto) "^r 1 Ca/J^, in X we obtain that (— Uj)ui™~ 1 Aw < Ca/J w in X uniformly for 

all j, which yields that u G T(X, uj). Moreover, for all k > 1, t > 1 and u G PSH~ 1 (X, uj) 
with u > w , we have J maxK _ t)< _ fc (-«Vr 1 Aw < limsup^ / max(tt _ t)< _ fc (-uj) 
<- X A w < limsup^ /^.fcC-UjKr 1 A w < 3 Ji J uo< _ t/3 (-«o)w;- 1 A w. Letting 
t -> 00, we get f u< _ k (-u)uj™- 1 A w < 3 n L 0< _ fc/3 (-wo) A w. Hence, together with 
X{ u >-k-i} < _1 Aw = x {u >_ fc _i } C^.^jAw, we obtain that (-u) w™" 1 Aw < Ca/j w 
on X uniformly for all it > wq- The proof of Theorem 3 is complete. 

As a direct consequence of Theorem 3 we have 

Corollary 1. Let u G F(X,u). Then max(it, i>) G F{X,u) and tu G w) /or a// 

uePSr 1 ^^) andO<t< 1. 
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Now we prove 



Theorem 4. The set T(X, u) is convex, that is, for any u, v G J-{X, ui) and < t < 1 
we have that t u + (1 — t) v G ^"(-X", a;) . 

Proof. Given u, v G ^(X, w). Then it/2 + u/2 G PSH~ 1 (X,u). We only need to prove 
that tt/2 + u/2 G .F(X,w). From Corollary 1 it turns out that u/2 G F(X,u) and u/2 G 

.F(X,u;). Thena;^ (tt/2 _ J . )+nuBc(t)/2 .^Aw = 1/2™" 1 (w max(u ,_ 2j) +w max( „,_ 2j) ) n " 1 Aw < 

n-l 

nI/2"" 1 g <ax(u,- 2j ) A <axV,"2j) Wlite U 2j = maX ( M ' ^ = maX ^' ^ ' 

For all j > k > 1 and < / < n — 1 we have 

| J U2] A<- 1 -'Aw = lA I (-max^-fcJ^Aw^-'Aw 

u< — k u< — k 

< 1/k J (~u 2j ) J U2] A w"- 1 -' A a; < 1/k J {-u 2j ) u l U2j A A W 

X U2j<V2j 

From Lemma 1 it follows that / U2 . (-u 2 j) ^i 2j A lo^' 1 A w < 2 / U2 .< W2 . (i> 2j / 2 - u 2 j) 
^Au/^-'Ao, < 2»-« J U2j< „ 2j/2 (^V2-^0<A< 2 - / VAw < 2»"' L 2j< „ 2j/2 KV2- 
M2j) Acj < 2 n "' sup J x (-u 2j ) ^^Aw < oo. Similarly, we have / Ua . >t>3 . (-v 2 j) ^i 2i A 

w™~ 1_z Aw < 2 Z+1 sup J x (—V2j) A w < oo. Hence we have proved that there exists 

a constant A > such that f { ^ ux , ,, ^ , a; 71 " 1 / /0 -n , Q , /0 -n A w < for all 
j > k > 1. Thus, for ? > 2 /c > 1 we have f , w n 7\ /0 _i_ /o ;i A ui = f v uj n — 

•> — — ' •> — — Ju/2+v/2<. — k max(H/z+»/2,- j ) JX 

Iu/2+v/2>-k UJ ma,x(u/2+v/2,-j) A U = Ix U ~ Iu/2+v /2>-k UJ ma,x(u/2,-j)+max(v /2,-j) ^ W = 
L/2+v/2<-k^l~^(u/2,-j)+^(v/2,-j) Aul < A / k > Which im P lieS that <axV/ 2 +./ 2 ,- J ) Aw < 

Cap w on X uniformly for all j and hence u^ +v/2 A w = lim,-^ w^ (u/2+t>/2 .^.j A 
cj = lim^oo a;" --1 . ,„ , ,„ .v A ui. It then follows from the lower semi-continuity 

of -u/2 - v/2 that f x (-u/2 - v/2) u"J 2+v/2 Aw < limsup^ / x (- max(w/4, -j/2) - 
max(?j/4, —j/2)) u n ~ 1 , /0 -\ . , ,„ .<Aw<oo. By Theorem 1 we have obtained that 

V ' ' J ' // max(K/2,-j)+max(»/2,-j) J 

u/2 + v/2 G ^"(-X", w), which concludes the proof of Theorem 4. 

As consequences we have 
Corollary 2. Let uq, ui, . . . , it n -i £ J-(X,u). Then 

—Uo lo Ui A tu U2 A ... A w Uri _ 1 Aw< Cap^ on X 
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Proof. Since (u + u x + . . . + uj_i)/Z = (1//) uj_i + (1 - 1//) (u + «i + • • • + ui- 2 )/(l - 1) 
for / = 2,3...,n, using the induction principle and Theorem 4 we get that / := (uq + 
u\ + . . . + u n -i)/n G cu). Hence we have that —uquj Ui A uj U2 A ... A Wi i „_ 1 Aw < 

—n n f uj Ul / n /\uj U2 / n A . . .A(jj Un _ 1 / n Auj < n n (— /) w" _1 Aw <C Cap^, on X, which concludes 
the proof of Corollary 2. 

Using Corollary 2 and following the proof of Lemma 1, we get now a stronger version 
of Lemma 1. 

Corollary 3. Let u, v G F(X, uj) and < I < n — 1. T/ien 

y (v - u) u l v A Auj < J (v - u) A uj. 

u<v u<v 



Corollary 4. Let uq G T{X, uj) . Then 

—ui uj U2 A uj U3 A ... A uJ Un Aw« Capu on X 
uniformly for all ui G PSH~ 1 (X, uj) with ui > uq and I = 1, 2, . . . , n. 

Proof. Since / := (ui + u 2 + ■ ■ ■ + u n ) /n > Uo and / G T{X, uj) , by Theorem 3 we get that 
-u± uj U2 A uj u& A ... A u Un A uj < n n (— /) uf 1 ^ 1 Aw« Cap u on X uniformly for all such 
functions ui, which concludes the proof of Corollary 4. 

Remark. Corollary 4 implies that a function u G PSH^i^X.uj) belongs to F(X, uj) if 
and only if (— max(«, a; Lax(u -j) ^ ujn ~ l ^ Cap^ on X uniformly for all j > 1 and 
•:/<//!. 



3. A Convergence Theorem of the Complex Monge- Ampere Operator 

In this section we prove a convergence theorem of the complex Monge- Ampere operator 
in uj). We divide its proof into several lemmas. 

Given u\, u 2 , ■ ■ ■ , w n -i G T{X, uj). By Corollary 2 the current uj Ui A uj U2 A ... A uj Un _ 1 
is well defined. Now for any g G PSH(X,uj) n L°°(X), we define the wedge product 
u; Ul A u; U2 A ... A cu u „_i A cu 3 in a natural way: 

uj Ui Auj U2 A. ..Auj Un _ 1 Aujg :=ujAuj Ui Auj U2 A. ..Auj Un _ 1 +dd c (guj Ul Aw„ 2 A. . . Ac^„_J. 
Then we have 



Lemma 2. Let u , ui, . . . ,w n _i G JF(X, cu) and f, g G PSH(X,uj) fl L°°(X) . Then the 
following equalities hold. 

(a) y (-#) dd c / Au Ul Aw U2 A...A w^.! = y (-/) dd c g A uj Ui A uj U2 A ... A uj Un _ x . 



X X 
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(b) 



(-g) dd c u A lo Ui A u U2 A...Aw, 



-A 



-w ) def # A u; Ul A u U2 A 



A a;, 



Proof. It is no restriction to assume that /, g < — 2 in X. Write T = cu Ul Acu U2 A. . ■Aoj Un _ 1 . 
Take two sequences fj, g k G PSH~ 1 (X, Auj) n C°°(X) for some A > 1 such that \ / 
and <7fc \ g in X, see [Dl]. It follows from Dini's theorem and quasicontinuity of quasi-psh 
functions that /_,■ — > / in Cap u on X. So, using TAw< Cap^, we get fjT fT and 
hence dd c fj AT—* <i<i c / A T weakly in X. Similarly, dd c gk AT—* <i<i c (7 A T weakly in X. 
Thus we have f x (-fj) dd c g AT = lim fc ^oo f x (-fj) cM c #fc A T = lim^oo f x (-gk) dd c fj A 
T = lim^oo J x (-(7 fc ) (Aj + dd c /j) AT- lim^oo / x (-^ fc ) (A*;) A T = | x (-^) dd c f 3 A 
T, where the last equality follows from the Lebesgue monotone convergence theorem. 
Then, by lower semi-continuity of —g, we get J x (—f) dd c g A T = lim^oo J x (—fj) dd c g A 
T = lim^oo j x (-g)dd c fj A T = lim^ / x (-^)(Aj + dd 6 /,-) AT- f x (-g)(Aw) A T > 
J x (—g) dd c f A T. By symmetry we have abtained equality (a). Let u\ = max(«o, — /). By 
(a) we have J x (—g) dd c ui AT = f x (—ui) dd c g AT. It follows from Corollary 2 that uqT is 
a well-defined current and ui T — > u T as currents in X. Hence we get J x (—g) dd c u AT < 
lirrii^oo J x (—g) dd c ui AT = lirrii^oc J x (—ui) dd c g AT = J x (—u ) dd c g A T. On the other 
hand, f x (-u ) dd c g k AT = limi^^ J x (-ui) dd c g k AT = lim^^ f x (-9k) dd c u t AT = 
J x (~9k) dd c uo A T. Letting fc^oowe get J x (—uo) dd c g AT < f x (—g) dd c uo A T. Hence 
we have proved equality (b) and the proof of Lemma 2 is complete. 

Lemma 3. Letu G F(X, uj) and g G PSH(X, uj)nL°°{X) . Then the following statements 
hold. 

( a ) w maxV-j) A w 3 < Capu on X uniformly for all j; 

(b) For each f G PSH(X,uj) n L°°(X), we have that /u£^ (u _ j} A u g — > 

Aujg weakly in X as j — > oo ; 

(c) (-u) A u g < Capu onX. 

Proof. It is no restriction to assume that g < —2 in X. Given j > k > 1. By Lemma 2 we 
have 



u<-k X 

l/k J (- max(«, -fc)) <; x 1 (Uj _ j) A u + l/k J (-g) oj^ ^ A dd c max(«, —k) 
x x 

< l/k J(- max(«, -j)) <; x 1 (u ,_ i) Aw + l/fc y (-^) c^ 1 ^) A w max(u ,_ fc) 
x x 

< l/k sup / (- max(«, -j)) u£^ (u Auj + l/k sup \g\ / 
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Given a Borel set E C X. By Proposition 4.2 in [BT1] for bounded quasi-psh functions, 

we get that J E ^(u,-j) AuJ g < L<k <lku,-j) Auj 9 + Ie Ac ^ for a11 3>k>l, 

which implies (a). 

To prove (b), we prove first that ^™~ x ( u -j) A u 9 — > A u g weakly in X as 

j — > oo. Given a smooth function if). Multiplying a small positive constant if necessary, we 
can assume ^ G PSH(X, oo) n C°°(X). Then we have J x ^w^l _ j} A oo g - j x ipu™- 1 A 

»9 = fx* «IxV,-,-) A w - < _1 A w ) + texV,-,) - A ^ where b y 

Proposition 1 the first term on the right hand side tends to zero as j — > oo. Take a 
sequence ^ G PSH~ 1 {X, Au) H C°°(X) for some A > 1 such that gk\g in X, see [Dl]. 
Write the second term as 

X X 

By the smoothness of ip we have that (w"~x(u _^ + w™ -1 ) A uty <C Cap^ on X uniformly 
for all j. Since — > # in Cap^ on X, we get that Ckj — > as fc — > oo uniformly for all j. 
Then for each fixed fc, Bfcj — > as j — > oo. Hence we have proved that _^ Acu 5 — >■ 

oj^ _1 A oj 3 weakly in X as j — > oo. Together with (a), we get cu™ _1 A w 9 < Cap w on X, 
see the proof of Proposition 1. Now for / G PSH(X,iv) H L°°(X), we take a sequence 
/ fc G PSH(X, Aw) n C°°(X) for some A > 1 such that / fc \ / in X. Write / w^ (u _ j} A 

^-/^a^ = (/-/*) «; x V,_,) A ^-<- lA ^)+/ fc «ixV,-i) A ^-<" lA ^)' 

where for each fixed fc the second term on the right hand side tends to zero weakly as 
j — > oo. Using (a) and a;™ -1 Aw g < Cap w , we get that the first term converges weakly to 
zero uniformly for all j as fc — > oo. Thus we have obtained (b). 

Finally, by the lower semi-continuity of —u, for any > 1 we obtain J x (— max(«, — fc)) 
utf" 1 A ojg < limsup /(- max(tt, -fc)) ■> A w s < sup/(- max(n, -j)) _,,■) 

Aw+sup \g\ J x u n < oo, which yields u G L X {X, uj^ 1 /\uj g ). Thus we have that (—it) <^ _1 A 
cu g <C A oj s Cap w on X. The proof of Lemma 3 is complete. 

Lemma 4. Let no, iti, . . . , it n _i G J-(X, uj) and g E PSH(X,oj) (~) L°°(X). Suppose that 
a sequence Uj G PSH~ 1 (X,uj) decreases to iti in X. T/ien the following statements hold. 

(a) (-wo) w Ul A u; U2 A ... A 0J Un _ 1 A w g < Cap w on X; 

(b) For eac/i / G PSH(X, uj) n L°°(X) 7 we /iawe t/iat /a; Uj . A u; U2 A ... A u Un _ 1 A cu s 

— ► / cj Mi A cu U2 A ... A 0J Un _ 1 A weakly in X as j — > oo; 

(c) cu Uj . A cu U2 A cu U3 A ... A cu u „_ 1 A cu 3 Cap w on X uniformly for all j . 

Proof. Since (no + u\ + . . . + n n _i)/n G ^"(X, a;), assertion (a) follows directly from (c) of 
Lemma 3. Now we prove (b). Given a smooth function ^ vnX. We assume without loss 
of generality that < /, i/> G PSH(X,u) n L°°(X). Observe that eh 2 G PSH(X,u) if /i 
is a bounded positive quasi-psh function in X and the constant e satisfies max/i < l/(2e). 
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Hence, applying the quality = (^^-) 2 — (^) 2 — (^) 2 , we can assume that ft := ip f is 
a bounded quasi-psh function in X. By Lemma 2, for each k > 1 we get 

y Ww„ 3 AsA..-A Au g - J if; f uj Ui A uj U2 A . . . A u) Un _ 1 A w £ 



X X 



/(«,-«!) *ffcA Uw A...A Ufc . 1 A U .|</|«. J -« 1 |K +U )A UM A...A<^. 1 A U , 

X X 

< y |iti | (^/i + A o; U2 A ... A w u „_! A u; g 
ui<— k 

+ J | max(-Uj, —k) - max(tti, —k)\ (un + oS) A u U2 A ... A to Un _ 1 A u g , 
x 

where by (a) the first term on the right hand side tends to zero as k — > oo. For each fixed 
k, since max(uj,— k) — > max(«i,-fc) in Cap^ on X as j — > oo, we get that the second 
term converges to zero as j — > oo. Hence we have obtained (b). 

By (a) and Theorem 3.2 in [BT1], assertion (c) follows from the property: for any 
hyper convex subset O CC X with dd c <p = oj and <p = on dfl and any ft G PSH(Q) n 
L°°(0), we have that ftuv A u U2 A ... A oj Un _ 1 A u g — ► hui Ul A uj U2 A ... A uj Uti _ 1 A u g 
weakly in Q, as j — > oo. To prove this property, for each ip G Co°(f2), we take a constant 
£ > such that £ (ft — sup ft — 1) > on supp ip, and £ (ft — sup h — 1) < (j) near 90. Set 

{max(e (ft — sup ft — 1), 0) — 0, in O; 
0, in X \ Q. 

Then / G PSH(X,u) n L°°(X) and ^ft = e" 1 ?/^ + + supft + Hence, by the 

smoothness of and (b), we get that hu Uj A u U2 A ... A uj Un _ 1 A uj 9 — > hu Ul A u U2 A ... A 
<^u„_i AcUg weakly in Vt as j — > oo. Therefore, we have proved (c) and the proof of Lemma 
4 is complete. 

Lemma 5. Let uo, ui, uz, . . . ,tt n -i G F{X,uj) and g G PSH(X,u) fl L°°(X). Then for 
almost all constants 1 < k < oo, 

J (-k- ui) dd c u Au U2 A . . . Aw Un _! Au g < J (— ito) dd c u\ Au U2 A. . . Ato Un _ 1 Aco g . 

ui< — k ui< — k 



Proof. Write T = u U2 A ... A uj Un _ 1 A u> g . Assume first that > u , u\ G PSH{X, Au) n 
C°°(X) with A > 1. Given s > and k > 1. Since max^i + e, — fc) = iti + £ near <9{tti < 
— k} if it is not empty, we have that f Ui< _ k (— k — u\) dd c uoAT = lim e \^o f Ul< _ k (max(iti + 
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e, —k) — u\ — e) dd c UQ AT = lim e \^o f Ul< _ k u o dd c (ma,x(ui + e, —k) — u\ — e) A T = 
f Ui< _ k ( — wo) dd c u\ A T + linigx^o J u < _ fc wo dd c max(wi + £,—k) A T. Since max(ui + 
s, —k) T — > max(tti, —k) T weakly in X as e \ 0, we have (Auo + dd c max(«i + s, — fc)) A 
T — > (Auo+dd c max( , ui, — fc)) AT weakly as e \ 0. From the upper semi-continuity of uq < 
in the open set {u\ < —k}, it turns out that lim^o f Ul< _ k u o dd c max(ui +e, —k) AT = 
limg^o j Ul< _ k u [(Auo+dd c max(ui+e, -k))-Auo] AT < j Ui< _ k w dd c max(«i, -k)) AT = 
0. Hence we get J u < _ k (—k — ui) dd c u AT < j u < _ fc (— w ) dd c ui A T for all k > 1 in the 
case of > u , u^E PSH(X, Auo) n C°°(X). 

Secondly, assume that u , u\ E F(X, uo) fl L°°(X). By [Dl] there exist negative func- 
tions Wot, Wi s £ PSH(X, Auo) r\C°°(X) with some A > 1 such that uot \ wo and ui 8 \ u\ 
in X. Since f Ui< _ k (u Ul + w ) AT is an increasing function of k and hence continuous almost 
everywhere with respect to the Lebesgue measure, we have that J = _ k (u> Ul + cu) A T = 
holds for almost all k in [l,oo). Given such a constant k. By Fatou lemma and the 
lower semi-continuity of — ui s , we get that f Ui< _ k (—k — u±) dd c uo AT = f Ul< _ k (—k — 
m) (Auo + dd c u ) AT- A f Ul< _ k (-k — wi) uo AT < liminf^oo f Uia< _ k (-k - u ls ) (Auo + 
dd c u ) AT - A J ui< _ k (-k- ui) uo AT < liminf^oo limsup^^ J Uis< _ k (-k - u la ) (Auo + 
dd c u ot ) AT-liminfs^oo A f Ul< _ k (-k-u ls ) uo AT = lim inf a _>oo limsup^^ f Uls< _ k (~k- 
uis) dd c UQ t AT — A liminfg^oo f u > _ k>u (—k — ui s ) uo AT. Given 5 > 0, we have that 

!/«,.>-*>«,(-* " A T \ Z6~f x u\ T + J Uls _ Ul yg(—Ui) uo A T > 5 J x uo A T 

as s — > oo, since u\ s — > u\ in Cap^ and (—ui)uo AT « Cap^ on X. Hence we 
have j Ui< _ k (-k - ui) dd c u AT < liminf^oo limsup^^ f Uis< _ k (-k - u l8 ) dd c u ot A 
T < liminf^oo limsup^^ J Ulg< _ k (-v>ot) dd c u ls AT = liminf^oo J Ulg< _ k (-uo) dd c u ls A 
T < liminf^oo / Ul <_ fc (-«o) (Auo + dd c u ls ) A T - A liminf^oo f Ui3< _ k (-u ) uo AT = 
liminf^oo J Ui< _ k (-u ) (Auo + dd c u ls ) AT - A J Ui< _ k (-u ) uo AT. By Lemma 4 and 
quasicontinuity of quasi-psh functions, it is no restriction to assume that {u\ < —k} is a 
closed set and hence the last limit inferior does not exceed J Ui< _ k (— w ) (Auo + dd c ui) AT. 
So we have obtained f Ul< _ k (—k — iti) dd c UQ AT < f Ul< _ k (— u o) dd c u\ AT for all uq, u\ E 
F(X, uo) n L°°(X) and almost all k in [1, oo). 

Finally, let uq, u\ E J-(X,oj). For almost all constants k in [l,oo) we have that 
/u 1= -fc( w «i + ^) A T = and J m . Ax(uu _ s)< _ k (-k - max(ui, -s)) dd c max(u , —t) AT < 
/max(ui - s )<-k ( — max (wo, — t)) dd° max(iti , —s) AT for all integers s,t>l. Letting s — > oo 
and applying the same proof as above, we have f Ul< _ k (~kj — u\) dd c max(« , —t) AT < 

f Ul< _ k (— max(tio, — t)) dd c ui A T and then letting t — > oo we get the required inequality. 
The proof of Lemma 5 is complete. 

Lemma 6. Let u E F(X, uo) and g E PSH(X, uo) n L°°(X) . Then 

J (—u) uo^ 1 A uo g — > 0, as k — > oo, 

u< — A: 

uniformly for all u E PSH~ 1 (X, uo) with u > uq in X . 
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Proof. Given u G PSH~ 1 {X,u) with u > u . Take a sequence 1 < k\ < k^ < . . . < 
kj — > oo such that Lemma 5 holds for the functions u and uq when k = kj/2\ where 
i = 1, . . . , n — 1 and j = 1, 2, . . . . Hence we have 

1 H^Aw^ j {-uq)^ 1 Au g <2 y (-fc^-uoX^AWj 

u< — kj UQ< — kj uo< — kj 

< 



2 / H,/2- M0 ).A<-A. 9 + 2 / (- V 2-n )^A<-A. 3 

UQ< — kj/2 uo< — kj/2 

<2 j (- V 2-n ).A<-A. s+ 2 / H^A^-A^ 

uo< — kj/2 uo< — kj/2 

<2 y (-«o)wAwr 2 Aw 9 + 2 y (-ti )w„ Awr 2 Aw 3 

u < — kj/2 uo< — kj/2 

2 y (-uoKw + aO Ac^r 2 Aw 9 <2 2 J (-u ) (iv + iv Uo ) 2 A iv^ 3 A iv g 

uo< — kj/2 UQ< — kj/2 2 

<...<2- 1 y (—^O) + W Uo ) n_1 A UJg, 



u <-k j /2 n - 1 

n-1 

which, by Lemma 4 and the equality (to + u Uo ) n ~ 1 = ("7 ) w l A co>™~ 1_z , tends to zero 

1=0 

as j — > oo. This concludes the proof of Lemma 6. 

We are now in a position to prove the convergence theorem. 

Theorem 5. (Convergence Theorem) Let < p < oo. Suppose that > g £ PSH(X, ui) n 
L°°(X) and wo £ J-(X,u). If Uj, u G PSH~ 1 (X,uj) are such that Uj —> u in Cap^ on X 
and Uj > uq, then (—g) p u>™. — > {—g) p ui™ weakly in X. 

Proof. Given k > 1. Write 

(-<7) p u£. - (-^7) P < = {-g) P « -< axK ,_ fc) ) + ("^) P «ax( W ,,-fe) -<ax(«,-Jfc)) 

+ ("^) P «ax( U ,-fe) - O == ^ + S fc)j + C k . 

For each fixed fc, by Theorem 1 in [X3] we have that Bkj — > weakly in X as j — > oo. 
Given a smooth function -0 in X. Following the proof of Theorem 1 in [X3], we can 
assume that ip (—g) p is the sum of finite terms of form ±/, where / are bounded quasi-psh 
functions in X . For such a function /, by Lemma 2 we get 



„ „ n— 1 

/ / « " | = |/ K- - max(uj, —k)) dd c f A ' 



, X a , ,n— 1 — i 
W « 3 A %ax(« 3 ,-lc) 



Z=0 
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/ (u 3 + k) dd c f a j2 <■ a <; x 1 r4,_ fc) < / i-uj) (u f +u)a <-\ 

Juj< — k Juj< — k 

which by Lemma 6 tends to zero uniformly for all j as k — > oo. Hence, — > uniformly 
for all j as — > oo. Similarly, we have that — > weakly as k — > oo. Therefore, we have 
obtained that (—g) p uj™. — > (— g) p uj™ weakly and the proof of Theorem 5 is complete. 

Applying Dini's theorem and quasicontinuity of quasi-psh functions, we get the fol- 
lowing consequence. 

Corollary 5. Let < p < oo and > g G PSH(X,oj) n L°°(X). If Uj , u G .F(X,u;) are 
such that Uj \ u or uj S u in X , then (—g) p uj™. — > (—g) p uj™ weakly in X. 

Corollary 6. Let u, v G F(X,u)). Then 

X{u>v} w m ax(a,D) = X{u>v} w u • 

Proof. This proof is similar to the proof of Theorem 4.1 in [KH]. Given a constant 
k > 0. Write -Uj = max(«, — j). By Proposition 4.2 in [BT1] we have that max(uj + 
k, 0) ^ max( - u _ fc ) = max(-Uj + fc, 0) u>™. for all j. Using max(-Uj + /c, 0) > max(« + k, 0) > 0, 
we get max(« + k, 0) <^ max(u = max(« + k, 0) u;^ . Letting j — > oo and applying The- 
orem 5, we get max(« + fc, 0) w^ ax( - u = max(« + k, 0) cu™. Hence we have obtained 
that X{u>-k} ^ max (« ,-fc) = X{u>-/c}<^u holds for any it G ^(X, w) and k > 0. Therefore, 

<«(«,«) = C(«, V fc) and W " = <ax(u,-fc) ° n each Set i U > ~ k > V } with a rati °" 

nal number k > 0. But cu n , , N = cu n , M on the open set {— k > v} and hence 

— max(u,ti,- k) max(u,-fc) Jr L J 

X{u>-k>v}^ ax ^ v) = X{u>-k>v}U™, which implies the required equality. The proof of 
Corollary 6 is complete. 

Corollary 7. Let u, v G F(X, uj) . Then 

W max(u,n) — X{u>v and u=£ — oo} W u + X{u<v} • 

Proof. Given e > 0, by Corollary 6 we have t< ax(U) „_ e ) > X{u>v- e } <^u + X{u<v-e} > 
X{u>v and U7 t-oo}^u + X{u<v- e }^v- Letting e \ and using Theorem 5, we obtain the 
required inequality which concludes the proof. 

Remark. Corollary 7 is a generalization of the well known Demailly inequality, see [D2] . 
Corollary 8. Let u, v G F(X,u). Then 

J << J / <■ 



u<v u<v u=v = — oo 



Proof. By Corollary 6 we have f . uj™ = f . uj n , , = f v uj n — f ^ uj n , s < 

J J J Ju<v v Ju<.v max(-ii,i)J JA Ju>v max(u,u) — 

f v uj n — f . u;™ / n = f v uj n — f . a;" = f ^. a;". Using <5 f instead of v and letting 

JI Ju>v max(u,u) Ja Ju>v u Ju<v u o o 

5 /" 1, we get the required inequality and the proof is complete. 
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